ON FINDING FINITE DIFFERENCES *

Leonhard Euler

§44 At the beginning of this book we explained, how from the finite diffe-
rences of the functions their differentials can easily be found, and even derived
the principle of differentials from this source. For, if the differences, if they
were assumed to be finite, vanish and go over into zero, the differentials result;
and because in this case many and often innumerable terms, which constitute
the finite difference, are neglected, the differentials can be found a lot more
easily and can be expressed both more conveniently and succinctly than the
finite differences. And therefore, there seems to be no way to ascend from
differentials to finite differences. Nevertheless, by the method we will use
here, one will be able to determine the finite differences from the differentials
of all orders of any function.

§45 Let y be an arbitrary function of x; because this function, having written
x + dx instead of x, goes over into y + dy, if one writes x + dx instead of
x once more, the value y + dy will be increased by its differential dy + ddy
and it will be = y + 2dy + ddy which value therefore corresponds to x + 2dx
written instead of x in the function y. In the same way, if we assume that x
is continuously increased by its differential dx that it successively takes on
the values x + dx, x + 2dx, x 4+ 3dx, x + 4dx etc., the corresponding values of
y will be those seen in the following table.

*Original title: “De Inventione Differentiarum finitarum®, first published as part of the book
JInstitutiones calculi differentialis cum eius usu in analysi finitorum ac doctrina serierum, 1755,
reprinted in Opera Omnia: Series 1, Volume 10, pp. 256 - 275, Enestrom-Number E212,
translated by: Alexander Aycock for the , Euler-Kreis Mainz”



Values of Corresponding Values of the Function

: y

X —|—2dx y + Zdy + ddy

X +3dx | y+3dy+ 3ddy + %

x +4dx |y +4dy + 6ddy + 4d%y + dYy

x + 5dx | ¥ + 5dy + 10ddy + 10d%y + 5d*y + d°y

x + 6dx | ¥+ 6dy + 15ddy + 20d%y + 15d%y + 6d%y + d®y

etc.

etc.

§46 Therefore, if in general x goes over into x + ndx, the function y will take
on this form

n—1)(n—2)d3y+n(n—1)(n—2)(n—3)

4 .
1-2.3 1-2.3-4 dy +ete;

y+ ?der n(z‘zl)ddy—k n(
even though in this expression each term is infinite times smaller than its
preceding term, we nevertheless did not omit any term, so that this formula
can be used for the present task. For, we will assume # to be an infinitely
large number, and since we know that it can happen that the product of an
infinitely large and an infinitely small quantity is equal to a finite quantity,
the second term can certainly become homogeneous to the first term, i.e. the
quantity ndy can represent a finite quantity. For the same reason, the third

”('fgl)ddy, even though ddy is infinite times smaller than dy, because
the one factor ”('11;1) is infinite times larger than 7, can also express a finite
quantity; and hence, having put # to be an infinite number, it is not possible

to neglect any term of that expression.

term

§47 But having put n to be an infinite number, by whatever finite number
it is either increased or decreased, the resulting number will have the ratio
of 1 to n and hence one can write the number n for each of the factors n — 1,
n—2,n— 3, n— 4 etc. everywhere. For, because %ddy = innddy — inddy,
the first term %nnddy will have the same ratio to the second %nddy asntol
and that second term will vanish with respect to the first; therefore, one will



be able to write %nn instead of n(gl). In like manner, the coefficient of the

fourth term ”("%)(;73) can be contracted to ’%3 and in like manner one can
neglect the numbers subtracted from 7 in the factors in the following. But
having done this, the function y, if in one writes x 4 ndx instead of x, while n

is an infinite number, will have the following value

3d3

ndy i nnddy — n°d’y n ntdty 5d5.y4'

n
tc.
y+ 12 "1.2.3 7 1.23.41.2.3 +ete

5

§48 Therefore, because having assumed 7 as infinitely large number, even
though dx is infinitely small, the product ndx can express a finite quantity,
let us put ndx = w, so that n = 7; n will certainly be an infinite number
being the quotient resulting from a division of the finite quantity w by the
infinitely small quantity dx. But having used this value instead of n, if the
variable quantity x is increased by a certain quantity w or if one writes x + w
instead of x, a function y of that variable x will go over into this form

343

n wdy n w?ddy L _widy whdty
YT dx T T2dx2 T 123023 T 1-2-3 - 4dxt
each term of which expression can be found by iterated differentiation of y.
dy ddy
dx’ dx27

+ + etc.,

For, because y is a function x, we showed above that these functions

3
ZTZ etc. all exhibit finite quantities.

§49 Therefore, because, while the variable quantity x is increased by the
finite quantity w, any function y of that x is increased by its first difference,
which we indicated by Ay above, where we had w = Ax, one will be able to
find the difference of y by iterated differentiation; for, it will be

wdy | wddy PPy wldly
=0 T ome T a2t T
or
_Ax dy | Ax? ddy  Ax® APy Axt dYy
M=t et e ae T Ak e

And hence the finite difference Ay is expressed by a progression whose terms
proceed in powers of Ax. Therefore, vice versa it is obvious, if the quantity
x is increased only by an infinitely small quantity, i.e. Ax goes over into its
differential dx, that all terms vanish with respect to the first term and that it



will be Ay = dy; for, having set Ax = dx, the difference Ay, by definition, goes
over into the differential dy.

§50 Because, if one writes x + w instead of x, any function y of that variable
x then has the following value

wdy wrddy PPy widty

dx T 2dx? T edx® T 2adxt
the validity of this expression can checked in examples in which the higher
differentials of y finally vanish; for, in these cases the number of terms of the
above expression will become finite.

Y+ + etc.;

EXAMPLE 1

Let the value of the expression xx — x be in question, if one writes x + 1 instead of x.

Put y = xx — x, and because we assume that x goes over into x 4 1, it will be
w = 1; now, having taken the differentials, it will be

dy ddy d3y_
E—2x—1, ﬁ—Z @—0 etc.

Therefore, the function y = xx — x, having written x 4 1 instead of x, will go
over into
1
xx—x+1(2x—1)+§-2:xx+x.
But if in xx — x one actually writes x + 1 instead of x,
xx goesover into xx + 2x +1

X goes over into x+1

Therefore

X —Xxx goesoverinto xx + x

EXAMPLE 2

Let the value of the expression x> + xx + x be in question, if one puts x + 2 instead

of x.



Puty = x3 + xx + x and it will be w = 2; now, since

y:x3+xx—|—x,

it will be
W _gexsoxs1, W _gein Y _g Vo o
dx Todx? R N '

Hence the value of the function y = x3 + xx + x, if one substitutes x + 2 for x,
will be the following

4
x3—|—xx+x—|—2(3xx—|—2x+1)—|—§(6x+2)+§-6:x3—|—7xx—|—17x+14,

which same function arises, if x + 2 is actually substituted for x.

EXAMPLE 3

Let the value of the expression xx 4 3x + 1 be in question, if one writes x — 3 instead
of x.

Therefore, it will be w = —3, and having put

y=xx+3x+1,
it will be

dy ddy By
%_2X+3I ﬁ—z, @—0 etC.,

whence, written put x — 3 instead of x, the function x? + 3x + 1 will go over
into

3 9
x2+3x+1—1(2x+3)+§-2:x2—3x—i—1.

§51 If a negative number is taken for w, one will find the value, which a
function of x has, if the quantity x is decreased by the given quantity w. Of
course, if one writes x — w instead of x, an arbitrary function y of x will then
have this value



_ wdy N wddy  *d%y N whdty

dx 2dx? 6dx3  24dx*

whence all variations the function y can undergo, while the quantity x is

changed arbitrarily, can be found. But if y was a polynomial function of x,

since in that case one eventually gets to vanishing differentials, the varied

value will be expressed finitely; but if y was not a function of this kind, the

varied value will be expressed by an infinite series, whose sum, since, if

the substitution is actually done, the varied value is easily assigned, can be
exhibited by a finite expression.

—etc,,

§52 But as the first difference was found, so also the following differences can
be exhibited by similar expressions. For, let x successively take on the values
X+ w, x4+ 2w, x + 3w, x + 4w etc. and denote the corresponding values of y
by v, y&, y™, ¥V etc., as we did at the beginning of this book. Therefore, since
yL, y!, y™, yIV etc. are the values y will have, if one respectively writes x + w,
x + 2w, x + 3w, x + 4w etc. instead of y, using the demonstrated method, the
values of these ys will be expressed this way:

- wdy w?ddy w3d3y whdty

VrV Tt o T o T o eae T 2aae TS
2wdy  4w?ddy 8w3d3y l6widty

I _

VeVt 2dr T 6dx3 it Tete
Bwdy — 9wlddy 2703y 8lwtdly

m _

YUEYY T 202 T Tedd 2adxt T
dody  l6w?ddy — 64w3d®y  256wtdty

I\

A 2 T ednd 2adet O

etc.

§53 Therefore, because, if Ay, Azy, A3y, A4y etc. denote the first, second,
third, fourth etc. differences,



Ay =y —y

Ay =y' =2 +y

Ay =M 3y 13yl —y

A4y — yIV o 4yHI + 6yH . 4yI + y

etc.,

these differences will be expressed this way by means of differentials:

o

o B s

Ay — (3*-3- 236;;’) 1)w3dy N (3*-3. 2:4;:4- 1)whdty +ete.

Ay = (44 — 4.3 +264-d2;4— 4-Dwldly  (#5-4-3 +162(-)§i5— 410Gy
etc.

§54 It is immediately clear, of how much use these expressions of differences
are in the doctrine of series and progressions, and we will explain it in greater
detail later parts of this chapter. Meanwhile, we want to consider applications
following immediately follows from this for the understanding of series.
Although the indices of the terms of a certain series are usually assumed to
constitute an arithmetic progression whose difference is 1, for the sake of
broader and easier applicability, let us set the difference = w, such that, if
the general term or that corresponding to the index x, was y, the following
terms correspond to the indices x + w, x + 2w, x + 3w etc. Therefore, if the
following terms correspond to these indices

X, x+w, x+2w, x+3w, x-+4w etc
y’ Pl Q/ R/ S; etC.



each term will be defined from y and its differentials this way:

Poye GGl S e

my et W Ay N

oyl S T Sty

oyttt | GOy Oy

oy S B 0ty
etc.

§55 If these expressions are subtracted from each other, y will no longer

enter the differences and it will be

oyt Sl S ey

- S T 1y

gt S B ety

oo T Tl T

R
etc.

If these expressions are again subtracted from each other, the first differentials

will also cancel each other and it will be



2w2ddy  6widPy  1dwtdty

Q-2P+y =302 ¥ eicd 2ddd et

R—-2Q+P= 2‘;;’5? 126“(’;? ng:;:iy + ete.

S—2R+Q= szsify + 18;;102@ 11;;’;43/ + etc.

T—25+R= ZZ;Z;iy + 242:;3}/ 19;1;;@ + etc.
etc.

Having subtracted them from each other again, the second differentials will
also go out of the computation:

6w3d3y  36wtdty
R — P—y= .
30+ 3 Y 63 + il + etc
6w3d%y  60wtdty
S—-3R+3Q—-P= .
+3Q 6d® | oadxt
6w3dy  84wirdly
T — R — = .
35 +3 Q i3 + At + etc
etc.
By continuing the subtraction it will be
24wtd*
S 4R +6Q —4P +y = Wxﬂﬂeta
24wtd*
T—45 +6R —4Q +P — Wxﬂﬁm
etc.
and
120w’d®y



etc.

§56 Therefore, if y was a polynomial function of x, since its higher diffe-
rentials will vanish eventually, proceeding this way, one will reach vanishing
expressions. Therefore, because these expressions are differences of y, let us
consider their forms and coefficients more diligently.

y=y
_ wdy wrddy w3d3y whdty w’dy
A= oy 2dx2 6dx 24dx* 12045 %
A2y — wlddy  3widly 7widty 15w°d°y 31wbdby ete
Y= "2 3dx° 3.4dx® ' 3.4-5dx° | 3-4-5-6dxb ‘
W¥dPy  6widty 25w dy 90wd®y 301w’d"y
Ay = tc.
Y="43 T Tadt T To5dd T 1.5.6dx0 T 1.5.6.7d © °°
4 4 55 616 7 17 8 18
g wid'y  10w’d’y  65w’d’y 350w’d"y 1701w®d®y
Y= 5dx5 5.6dx® ' 5.6.7d | 5.6.7.8d8 & °F
535 6,16 7 47 8 18 9 19
5. wdy  15w°d°y  140w’d’y  1050w°d°y 6951w’d’y
BY= "5 T e 6747 67848 T 6.7.8.9d0
ASy — wbdly  2107d7y  266w8d%y 2646w d%y 228270410 + ete
Y= "ixb 7dx7 7.8dx8 ' 7-8-94x° ' 7-8-9-10dx10 '
etc.

§57 Let us also consider the same series continued backwards at the same
time, which contains the terms corresponding to the indices x — w, x — 2w,

x — 3w etc.

x—4w x—3w, x—2w, x

5, r, q, p, Y

-—w, X,

Therefore, since

10

X+ w,

X+ 2w,
p, Q,

x4+ 3w, x+4w
R, S

etc.

etc.



wdy N w?ddy w3d3y whdty

P=Y7 iy 20 6dx® T 2adxt T C€
B 2wdy  4w?ddy 8w3dy  16widty
1=Vt e T e it ot
B Bwdy — 9w?ddy 270%d%y  8lwidty
=V T e T 6dx3 T oapd T ete.
sy dwdy — 16w?ddy _ 64w d>y  256wtdty  ete
-y dx 2dx? 6dx3 24dx4 '
etc,,

by subtracting these values from the above ones, i.e. from P, Q, R, S etc,, it
will be

P—p  wdy wid3y w’dy
2 dx e T 10 T
Q—q 2wdy = 8widy 32w dy
2 dx T edd T m0ae o
R—r  3wdy N 27w3d%y N 2430°dy ©ete
2 dx 6dx3 120d x5 '
S—s  4dwdy N 64widdy  1024wd’y b ete
2 dx 6dx3 120d x> '
etc.

But if these terms are added to the above ones, then, as the differentials of even
orders are missing here, the odd differentials will go out of the computation
in this case. For, it will be

11



P+p w?ddy whdty wbdby

2 YT a2 T aax 720dx6 ot
Q+g 40%ddy  16widty 64wdsy

2 YT e 244} 720dx6 ot
R+r 9w2ddy  8lwidly 729w0dCy

2 VT ot aad Tt 0ae T
S+s n 16w?ddy n 256widty n 4096w°d®y  etc

2 VT o 24dx* 720dx° ‘

etc.

§58 Since the preceding terms can all be expressed, if they are collected into
one sum, the summatory term of the propounded series will result. Let the
first term correspond to the index x — nw and the first term itself will be

nwdy n*w? P3Py nlwtdly
Cdx 203 6dxd | 24dad
Therefore, since the term corresponding to the index x will be = y and the
number of all terms is = n + 1, the sum of all, from the first up to y, i.e. the
summatory term will be

+ etc.

=ty Y g2 43 4k
+ “;iiy(1+22+32+---+n2)
- 62361133y(1+23+33+“.+n3>
+ ‘;:jiZ(1+24+34+---+n4)
—EZZZ(1+25+35+-~+715)
+ etc.

12



§59 Above we exhibited the sums of each of these series [§ 62 of the first
part]; if these are substituted here, the sum of the propounded series will be

=(n+1)y-— w—dy <1nn+ 1n>

dx 2 2
+ wrddy 1113—|—1nn+1n
2dx> \3 2 6
By (1, 1 45 1,
T edxd <4” T +4”>
whdty (1 5 1, 1,5 1
* adxt <5” T g _30”>

5> 1 1 1
- 16‘;051;/5 <n6 SR S nz)

etc.,

where n will be given from the index of the first term which is the initial term
of the sum. If one puts w = 1 and the index of the first term is = 1, the index
of the second = 2 and of the last = x such that this series is propounded

because of x —n =1 and n = x — 1, the sum of this series will be

13



dy (1 1
=Xy — 7x Exx—ix

ddy (1 4, 1 1

+ W <3X Exx +6x>
By (1, 1, 1

T 6dxd <4x 2" +4”>
dy (1 s . 1 1

T 24 <5x Y v _30x>
Py (14 5 5 4 2

T 120dx8 <6x PRIV _12x>
dy (15 6 , 15 1, 1
720dx3 <7x Y Y " +4zx>

etc.

§60 From this expression, since the number of coefficients will increase
immensely, if x was a large number, hardly anything of use for the doctrine
of series follows; nevertheless, it will be helpful to have mentioned other
properties following from these considerations. Let the general term be x”"
and indicate the summatory term by S.y or S.x. Having used this notation
everywhere, it will be

1 1
Exx—ix—s.x—x
1 1
§x3—§x2+6xzs.x2—x2
14 15 1 o3 3
4x 2x —|—4xx—S.x X
etc.

Therefore, from the above expression one will obtain

14



S = x" 1 — xS x + nat

nt=1) ag o mn=1) o atn=1)(n=2) s 5 nln—1)(0n -

2)

1-2 1-2 1-2-3 1-2-3
But, because

+

n—1) nn-1)(n-2)
1-2 1-2-3

1-1=0=1-nt" +etc,,

it will be

nn—1) nn-—1)(n—-2) B
n- =15 + 123 —etc. =1
and hence, having excluded the case n = 0 in which this expression becomes

=0,

n_ i+l n_ o n—1 nn—1) ,., 2_”(”—1)(”—2) n-3¢ .3
Sx"=x + x nx"*S.x + 1.0 x"“S.x 1.3 x"°S.x

nn—1)(n—2)(n—23)
1.-2-3-4

+ x"4S.x* — etc.

§61 To see both the validity and the applicability of this formula more

clearly, let us expand some special cases and at first let n = 1 and it will be
XX+Xx

Sx = x2+ x — S.x and hence S.x = >, which is well-known, of course.

Therefore, let us put n = 2 and it will be

Sx? = x>+ xx —2xS.x + S.x2,
which equation, since the terms S.x? appearing on both sides cancel, give the

same equation, i.e. S.x = ¥ But if n = 3, it will be

Sad = %xS.x2 - %xzs.x + %x3(x +1);

if one puts n = 4, this expression will result

St = x° + x* —4x3S.x + 6x%25.x% — 4xS.x° + S.xP,

whence, because of the terms S.x* cancelling each other, it will be

15

x" + etc.



1
S.x° = %xS.x2 —x*S.x+ Zx“o’(x +1);

if from the triple of this sum the double of the preceding sum is subtracted, it
will remain

Sx® = %xS.x2 - %x3(x +1).

If one puts n = 5, it will be

S.x® = x° + x° — 5x*S.x + 10x35.x% — 10x2S.x% + 5xS.x* — S.x°

or

5 5 1
Sx° = ExS.x4 —5x28.x° + 5.x35.x% — §x4S.x + ExS(x +1)

and from n = 6 it follows

S.x0 = x7 4+ x% — 6x°S.x + 15x*S.x% — 20x3S.x% + 15x%2S.x* — 6xS.2° + S.x°

or

Sx° = ng.x4 — 13—Ox25.x3 + gx3S.x2 —x*S.x + %xS(x +1).

§62 From these results we therefore conclude, if n = 2m + 1, that in general
it will be

g amtl _ 2MAL o om (2m +1)2m 25 2m-1

2 ' 2-1-2
2 1)2m(2m — 1 2 1 1
(2m +2 .>1 mz(z )X3S.x2m_2 — = 77;12—1— x?MS x + ExzmH(X +1).
But if it was n = 2m + 2, since the terms S.x2"*2 cancel each other, one will
find
gpamil _2MAL o ooy @mA1)2m 5o o
2 2-3
(2m—1)2m(2m+1) 3. op-o 2m I omt
. R . - 1).
5 3.4 x°S.x x Sx+2m+2x (x+1)

16



Therefore, the sum of the odd powers can be determined from the sums of
the lower powers in two ways and from the various combinations of these
formulas infinitely many others can be formed.

§63 But the sum of the odd powers can be determined a lot more easily
from the preceding ones and for this it suffices to know only the sum of the
preceding even power. For, from the sums of powers exhibited above [§ 62 of
the first part] it is known that the number of terms constituting the sums is
only increased in the sum of the even powers, such that the sum of the odd
powers consists of as many terms as the sum of the preceding even power. So,
if the sum of the even power x> is

S = ax® T 4 Ba® 4 x® — 5xP 3 e — ete.

(for, we saw that after the third term each second term is missing and at the
same time the signs alternate), hence the sum of the following power x?'*1
will be found, if each term is respectively multiplied by these numbers

2n—i—1x 2n+1x 2n+1x 2n+1x 2n+1x
2n+2"7 2n+1"" 2n 7 2n—1"" 2n-—2
not omitting the missing terms; therefore, it will be

etc.

2n+1 2n +1 2n+1 2n+1 _

S.x 2n+1 __ 2n+2 2n+1 2n 5 2n—2
BT L e i et C . e L

2n+1 24 _ 2n+1

2n—4 2n —6

Therefore, if the sum of the power x*" is known, from it the sum of the
following power x*"*! can be constructed conveniently.

§ X276 4 etc.

§64 This investigation of the following sums is also extended to the even
powers; but since the sums of these receive a new term, this term is not found
by this method; nevertheless, it can always be found from the nature of the
series, from which it is clear, if one puts x = 1, that the sum has also to become
= 1. But vice versa from a sum of certain power one will always be able to
find the sum of the preceding power. For, if it was

S = ax™ 4 Ba 4 " — xS pex 0 — Ix"7 4 ete,,

17



for the preceding power it will be

o1 n+1

-3
S.x Sx" 4 + etc.

n n—1 n
ax" i xnfl xn72 _
+ TI'B + n v

and hence one can go backwards arbitrarily far. But it is to be noted that
always & = } and B = 1 as is it already clear from the formulas given above.

§65 The attentive reader will immediately see that the sum of x"~1 results,
if the sum of the powers x" is differentiated and its differential is divided by
ndx; and it will be d.5.x" = ndx - S.x"*~1, and since d.x" = nx"1dx, it will be

d.S.x" = Snx"ldx = S.d.x";

hence the differential of the sum is equal to the sum of the differentials; so,
if the general term of a certain series was = y and S.y was its summatory
term, it will also be S.dy = d.S.y in general, i.e. the sum of all differentials is
equal to the differential of the sum of the terms. The validity of this equality
is easily seen from those results derived above on the differentiation of series.
For, because

St =x"+(x-1)"+(x—=2)"+(x—=3)"+ (x —4)" +etc,,
it will be

d.S.x"
ndx

=" (=) T (x—2)" 24 (x = 3)" T fete. = S,

which proof extends to all other series.

§66 But let us return to our starting point, i.e. to the differences of functions,
on which still several things are to be remarked. Because we saw, if y was any
function of x and one writes x & w instead of x everywhere, that the function
y will have the following value

3 d3

2 474 545
wdy+wddyj: w>d’y w*d*y w’d’y

+ +
Y5 1 T 12402 1-2-3dx3+1-2-3-4dx4 1-2-3-4-5dx°
this expression will be valid, no matter whether for w any constant quantity
or even a variable value depending on x is taken. For, having found the values

+ etc,,

18



dy ddy d3y . .- e efer . s 3
f 7 2 o5 ete by differentiation, the variability in the factors w, w*, w” etc.

is not considered and hence it does not matter, whether w denotes a constant
quantity or a variable quantity depending on x.

2

§67 Therefore, let us put that w = x and in the function y the value x —x =0
is written instead of x. Therefore, if in any function of x one writes 0 instead
of x everywhere, the value of the function will be

xdy — x*ddy x3d3 N xtdy

ldx  1-2dx?> 1-2-3dx3  1-2-3-4dx*
Therefore, this expression always indicates the value the function y has for
x = 0, the validity of which statement will be illustrated by the following
examples.

— etc.

EXAMPLE 1

Let y = xx + ax + ab, whose value, if one puts x = 0, is in question, which value is
known to be = ab, of course.

Because y = xx + ax + ab, it will be

dy_ ddy _
Tax -2t T

and hence the value in question results as

=xx+ax+ab—x(2x+a)+ xx-1 = ab.

EXAMPLE 2

Let y = x> — 2x + 3, whose value, having put x = 0, is in question, which value is
known to be = 3.

Because y = x3 — 2x + 3, it will be

Py
1-2-3dx3

dy ddy
dx =T T
the value in question will be found to be

= 3x,

=x% - 2x+3—-x(Bxx—2)+xx-3x—x>-1=3.
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EXAMPLE 3

Lety = ﬁ, whose value, having put x = 0, is in question, which is known to be
=0.

Because y = -, it will be

dy 1 ddy 1 dy 1 etc
dx  (1—x)2" 1-2dx2  (1—-x)3 1-2-3dx3 (1 —x)* '

Hence the value in question will be

_x N x x3 N x? ~ete
Cl-x (1-x)2 (1-xB3 (1-x)*" (1-x) '

and therefore the value of this series is = 0. This is also obvious from the
) . ) . ) 3 )
fact that this series without the first term, i.e. a fx)Z — f’; E + § 4 o etc. is
X

a geometric series and its sum is = A=) = 12, Whence the value
found will be

X X

1—x 1—x

EXAMPLE 4

Let y = e*, while e denotes the number whose hyperbolic logarithm is 1, and let the
value of y be in question, if one puts x = 0, which value is known to be = 1.

Because y = e*, it will be

dy e dly

dx_e' i etc.
and hence the value in question will be
X eXxx ex3 exx4
X
— _ — — etc.
T 12 12371232 °*°
—et (12422 - < + o —etc
- 1 1-2 1-2-3 1-2-3-4 )
But above we saw that the series
TP S S
1 1-2 1-2-3 '
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expresses the value e~*; therefore, the value in question will be e* - e™* = & =

1, of course.

EXAMPLE 5

Let y = sin x and having put x = 0 it is obvious that it will be y = 0, what also the
general formula will indicate.

For, if y = sinx, it will be

d dd a3 d*
%zcosx, d—xZ:—sinx, chZ:_COSX’ d—j:sinx etc.
Having put x = 0, the value of y will be
sinx—Ecosx—ﬂsinx+x73cosx+x74$inx—etc
1 1-2 1-2-3 1.-2-3-4 '
which is
=sinx(1-— ks + o — x° + etc
N 1-2 1-2-3-4 1-2-3---6 ’
Y - R S
St 17123712345 1.2.3...7 ¢

But the upper of these series expresses cos x, the lower expresses sin x, whence
the value in question will be

=sinxcosx —cosx-sinx = 0.

§68 Hence, vice versa we can conclude, if ¥ was a function of x vanishing
for x = 0, that it will be

xdy — xxddy x3d3y xtdty
YTy TT2d T 12340 123 4dd

Hence this is the general equation of completely all functions of x, which,

if x = 0, also become zero. And therefore, this equation is of such a nature,

that, no matter which function of x, as long as it vanishes for vanishing x,

is substituted for y, it is always satisfied. But if y was a function of x which,

having put x = 0, has a given value = A, it will be

—etc. = 0.
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_x;lly_i_ Xddy by N xtdty
Y7 Tdx T1-2dx2  1-2-3dx3 ' 1-2-3-4dx?

which equation contains all functions of x which go over into A for x = 0.

—etc. = A,

§69 If one writes 2x or x + x instead of x, any function of x, which we want
to denote by y, will have this value

N xdy N x2ddy x*d3y N xtdty
YT lax T T2d® T 1-2.3dx° T 1-2-3 - 4do?
And if we write nx instead of x, i.e. x + (n — 1)x, the function y will have the

following value

+ + etc.

(n—1xdy (n—1)2xxddy (n—1)3x3d%y

1dx 1-2dx? 1-2-3dx3
but if in general we write f for x, because of t = x +t — x, any function y of x
will be transformed into the following form

y+ + etc.

(t —x)dy n (t — x)2ddy N (t — x)3d%

1dx 1-2dx? 1-2-3dx3
Therefore, if v was such a function of t as y is of x, since v results from y by
writing ¢ instead of x, it will be

y+ + etc.

(t—x)dy N (t — x)2ddy N (t—x)3d%y
1dx 1-2dx? 1-2-3dx83
the validity of which formula can be checked in any arbitrary example.

v=y+ + etc,,

EXAMPLE

For, let y = xx — x; having written t instead of x, it will be obviously be v = tt — ¢,
which same equation the expression we found will also reveal.

For, because of y = xx — x, it will be

dy ddy
ﬁ—Zx 1 and 2dx2_1'

therefore, it will be

v=xx—x+ (t—x)(2x — 1) + (t — x)?
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=xx—X+2tx —2xx —t+x+tt —2tx + xx = tt —t.

Therefore, if y was a function of x, which goes over into A for x = a, because
oft=aand v = A, it will be

(a —x)dy n (a — x)2ddy N (a— x)3d%

1dx 1-2dx? 1-2-3dx3
and hence all functions of x, which go over into A for x = g, satisfy this
equation.

A=y+ + etc.
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